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Abstract 
The first part of the thesis is mainly concerned the development of the Green 
function formalism (GFF), which can be used to study the local field distrib-
ution near a periodic interface separating two homogeneous media of different 
dielectric constants. In GFF, the integral equations can be solved conveniently 
because of the existence of an analytic expression for the kernel (Greenian). 
However, due to a severe singularity in the Greenian, the formalism was for-
merly applied to compute the electric fields away from the interface region. In 
the thesis, we have been succeeded in extending GFF to compute the electric 
field inside the interface region by taking advantage of a sum rule. To our sur-
prise, the strengths of the electric fields are quite similar in both media across 
the interface, despite of the large difference in the dielectric constants. More-
over, we propose a simple effective medium approximation (EMA) to compute 
the electric field inside the interface region. We show that EMA indeed give 
an excellent description of the electric field except near a surface plasmon 
resonance. 
The second part of the thesis is concerned about Bergman-Milton electro-
static resonances. We have succeeded in applying GFF to compute the elec-
trostatic resonance of cluster of two and three cylindrical particles. Numerical 
solutions of the eigenvalue equation yield a pole spectrum in the spectral rep-
resentation and this pole spectrum is in turn used to compute the optical 
response of those particles. For two cylindrical particles, the results are in ex-
cellent agreement with the exact results from the multiple image method and 
i 
normal-mode expansion method. The results can be extended to investigate 
the enhanced nonlinear optical response of metal-dielectric composites, as well 
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1.1 Electric field near corrugated interfaces 
Electric field distribution near corrugated interfaces have been investigated for 
a long time [1]. These corrugated interfaces occur in many important physical 
systems [2-5]. Theoretical calculations of the local field distribution requires a 
detailed solution of Maxwell's equation which is a difficult task for interfaces of 
complex geometry because of the complicated boundary conditions. So far, Yu 
et al. have established Green function formalism (GFF) to compute the local 
field distribution for an arbitrary interface separating two media of different 
dielectric constants without matching of complicated boundary conditions [6, 
7]. They adopt similar treatment as Korringa, Kohn and Rostoker (KKR) 
method [8, 9] to introduce the structure Green's function (Greenian) to include 
the effect of periodicity by evaluating an infinite sum. Gu et al. applied 
introduce GFF in lattice systems [10-12]. Tarn et al [13] applied GFF to 
corrugated interfaces in two dimensions. 
However, due to a severe singularity in the structure Green's function, the 
formalism was formerly applied to compute the electric fields away from the 
interface region. This is the main objective of the first part of the thesis, in 
which GFF had been extended to compute the electric field inside the interface 
region by taking advantage of a sum rule [14]. Surprisingly, we found that the 
1 
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strength of electric field are quite similar in both media across the interface 
despite of the large difference in the dielectric constants. Moreover, we propose 
a simple effective medium approximation (EMA) to compute the electric field 
inside the interface region and we show that EMA gives an excellent description 
of the electric field except near a surface plasmon resonance. This provides 
a great insight that corrugated interfaces can be well described by graded 
interfaces, as suggested by the recent paper [15—17 . 
1.2 Electrostatic resonances of cylindrical clus-
ters 
Electrostatic resonances (ERs) is of great interest in engineering the electro-
magnetic properties of nanomaterials [18-20]. ERs are essentially source-free 
electrostatic fields appeared at specific negative dielectric permittivity [21, 22 
that may find interesting applications in semiconductor nanoparticles because 
they can be controlled through optical manipulation of carrier densities. This 
optical controllability can be utilized for the development of nanoscale light 
switches and all-optical transistors. They also have significant implications 
in optical properties of composite nanomaterials and coupled surface plas-
mons in plasmonic structures [23-28], clearly reflected in the Bergman-Milton 
spectral representation [23-25, 29，30]. Specifically, for composites consist-
ing of two ingredients [e.g., ei{u) and 62(ct；)], by using a spectral parameter 
s{u)) 二 [1 — ei(a;)/e2(cj)]—1，the material-independent eigenmodes {sn, 0n(r)} 
of ER are essentially determined by microstructure of the system [15, 23-
25, 31]. Once the electrostatic resonant eigenvalues Sn and their residues fn 
are established, the resonant frequencies are determined by the dielectric dis-
persion function €1(0;) and the macroscopic effective optical properties, e.g., 
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bulk dielectric permittivity 6eff, of the system become readily known [23-
26, 29, 30]. This theory has been extensively and successfully exploited for 
studies of optical random composites (for example, see Ref. [26]), graded com-
posites [15], periodic nanostructures [18], as well as media of various geome-
tries [19, 21, 22, 31]. It also facilitates studies of electrorheological fluid and 
electrokinetics of biological cells [32-34]. The formalism partially changes, 
however, when there are more than two constituent components, for example, 
in three-component composites discussed by Gu and Gong [35], and in graded 
composites as detailed by Dong et al. [36 . 
Regarding the influence of microstructures on the spectral functions Sn and 
/几，a well known result is that Sn possesses discrete pole(s) for regular geom-
etry inclusions whose sizes are much smaller than the wavelength concerned, 
for instance, 5 = 1/2 for individual cylinders [37, 38] and 5 = 1/3 [39] for 
individual spheres. However, when two such inclusions approach and form a 
dimer, due to the mutual electromagnetic interactions, the poles Sn become 
infinite series that asymptotically collapse at 1/3 and 1/2 for spherical and 
cylindrical non-touching dimers, respectively. The dimer case is an idea proto-
type in studying particle-particle interactions and has received much attention 
38, 40-44]. Subsequently, one would request situations with increasing num-
ber of nanoparticles and complex geometry. This is the main objective of the 
second part of the thesis. By applying GFF, the pole spectra can be eas-
ily found regardless of the complex geometry. It turns out that the spectral 
poles become more complicated for complex geometry, but to calculate them 
is relatively easy under our scheme, in contrast to many traditional methods 
17, 38, 41—45:. 
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1.3 Objective of the thesis 
In chapter 2, GFF by Yu et al. [6, 7] will be reiterated to establish notations. 
Some numerical results will also be presented to give a first glance of surface 
plasmon resonance. 
In chapter 3, GFF is extended to compute the electric field inside the 
interface region by taking advantage of a sum rule [14]. We found that the 
strength of electric field are quite similar in both media across the interface 
despite of the large difference in the dielectric constants. Moreover, we propose 
a simple effective medium approximation (EMA) to compute the electric field 
inside the interface region and we show that EMA gives an excellent description 
of the electric field except near a surface plasmon resonance. 
In chapter 4, we firstly derive the spectral representation formalism from 
GFF, which differs from traditional methods [17, 38, 41-45], is suitable for 
an arbitrary interface separating two media of different dielectric constants 
without matching of complicated boundary conditions. We then use it to nu-
merically examine spectral functions of a pair of nanocylinders, which show 
results in good agreement with exact data from both multiple image method 
45] and normal-mode expansion method [38]. Finally, we go further to ex-
tract the spectral functions of nanocylinders in a triangle which enables the 
investigation of particle-particle interaction as well as particle-pair interac-
tion. Our results also in good agreement from multipole method [41]. The 
three-cylinder-in-triangle case represents a guideline for investigation on var-
ious cylinder arrays [46] which is also tractable by the GFF we developed. 
Finally, we present a brief summary in chapter 5. 
Chapter 2 
Review on Green Function 
Formalism 
Green function formalism (GFF) computes the local field distribution for an 
arbitrary interface separating two media of different dielectric constants [6, 7 . 
By using the divergence theorem, the volume integral equation is converted into 
a surface integral equation and thus it greatly simplifies numerical solutions 
and yields accurate results for interfaces of arbitrary shape. Here we reiterate 
the formalism to establish notations. 
2.1 Integral equation formalism 
Consider an arbitrary interface S separating two media of different dielectric 
constants ci and The electrostatic potential (/)(r) satisfies the following 
Laplace's equation: 
V • [6(r)V0(r)] = -47rp(r), (2.1) 
with standard boundary conditions on the interface, where p{v) is the free 
charge density, e(r) equals ei in the embedding medium and 62 in the host. 
5 
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Figure 2.1: Schematic diagram showing material with dielectric constant ei 
embedding in homogeneous medium with dielectric constant 62-
Let Vi and V2 be the volume of the embedding and the host medium, separating 
by an arbitrary interface S. Denoting ^(r) 二 1 if r G Vi and 0 otherwise, gives 
e(r) = e 2 [ l - 4 ) ] ， （2.2) 
where 
u = l - - . (2.3) 
Putting equation (2.2) into equation (2.1), we have 
V V ( r ) = 一 + ^ v .[沒(r)V0(r)]. (2.4) 
Let G(r, r') = 1/ |r — r'| and equation (2.4) admits a formal solution 
树 r) 二—去 J dv'G{v, v') I z i Z ^ + ^v^. [0{r')Vct>{v')] | . (2.5) 
Equation (2.5) can be easily simplified to 
0(r) = M r ) - ^ J dv'G{v, v')V •[外 r')V>(rO], (2.6) 
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where 0o(r) = ^ f dr'G{r, Y')p{r') which is the solution of == —47rp/e2. 
Consider the identity . A 二 . ( / A ) - ( • ' / ) . A , where f = G(r, r,) and 
A =外 r , ) V ' 0 ( y ) , the volume integral in equation (2.6) can be separated into 
two integrals. The first integral is zero by divergence theorem and so we have 
0(r) 二 Mr) + dv'VG{v, v') . V<t>{v'). (2.7) 
Consider the identity A-Vf = V - ( / A ) - (• ‘ . A ) / , where f =小 and 
A = V'G(r, r'), the volume integral above can be separated into two integrals 
and can be written as 
f dr'VG{r, r') . V'納 二 / dS'[n'. VG{Y, Y')](j){Y') + 47r^(r)0(r), (2.8) 
Jv^ Js 
where n' is the unit normal to S pointing from medium 1 to medium 2. As a 
result, we have 
[1 二 0o(r) + ^ / . ^ ^ ( r , rO]0(r'). (2.9) 
47r Js 
We now aim to solve a surface integral equation for the potential at the expense 
of a two-step solution [7]: 
1. step 1: determine 0(r) for all r G -S by solving equation (2.9), and then 
2. step 2: obtain 4>{y) for all r by using equation (2.9) and the results of 
step 1. 
In step 1, we encounter a singularity when the integration variable r' ap-
proaches the point of observation r. In order to tackle the problem, we take 
an infinitesimal volume around r and perform the surface integral equation 
analytically, we find [7 
(1 — I ) 0(r) = M r ) + 告 . V'G(r,r ' ) ]0(rO,rG (2.10) 
where prime denotes a restricted integration which excludes Y' = r. The surface 
integral equation (2.10) can be solved for 0(r G S), 
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2.2 Periodic corrugated interfaces 
In this section, we apply the integral equation formalism to a periodic interface. 
Suppose the interface profile depends only on x, described by y = / (x ) , where 
f (x ) is a periodic function of x with period L : f{x + L) = f(x). Thus medium 
1 occupies the space y < f{x) while medium 2 occupies the space y > f{x) 
separated by the interface at y = f(x). The external field is Eq = Eoy and 
00 = — Eo . r. For a periodic system, 0(r) is a periodic function of the lattice 
vector T — mLx, where m is an integer. In what follows, we adopt similar 
treatment as the Korringa, Kohn and Rostoker (KKR) method [8, 9] and 
rewrite the integral equation (2.10) as 
(1 —誉)^{r) = — E � . r + 告 1 dSV{r, 0 0 ( 0 , (2.11) 
where the integration is performed within a unit cell. Since the interface is 
one-dimensional, the integral equation (2.11) becomes 
(1 —署)0(r) 一 E � • r + 告 乂 dl'dir, 蘭 , (2.12) 
where the structure Green's function (Greenian) is given by 
( 5 ( r y ) 二 + £ ".、卜/ _ ；[〒.(2.13) 
^ r — r — uiL'x. 
T m = — o o 
In view of the complicated calculus, the evaluation of the Greenian is a formi-
dable task. However, by invoking the complex function z = x iy, z'= 
x' + if{x'), we are able to evaluate the Greenian analytically as follows: 
�—.dz'/dx' 一 -f\x') + i 
^ 二 '^\dz'ldx'\ 二 v / l + Lf � ] 2 ， 
r - r ' - m L x 二 z - z丨-mL, (2.14) 
The summation element can be written as: 
2 n . ( r - r - - m L x ) 二 2Re {z 纖 ( … ‘ ― m L ) * } 
r 一 r, — mLx|^ \z — z' — mL\^ 
^ f dz'Idx' 1 1 , … � 
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and the Greenian can be written as: 
二 R e “ f / f f i • • • - 1 (2.16) 乂 , 乂 I dz' dbc' ^ z - z' -mL\ � ) 
V. m= —oo ) 
The infinite sum in (2.16) can be evaluated by using the identity [47]: 
oo 
y - TTCOtfTT^ ). (2.17) 
^ z-m 
m——oo 
Using the above identity, the infinite sum can be rewritten as follows: 
爪^oo h J - 讯 L — cosh 警(X — x') — COS 營(y f{x')). ( . ) 
Putting equations (2.14), (2.16) and (2.18) together, we get 
L + [作,)]2[cos 警 Or — x') — cosh 營(y — f{x'))]. 
We would like point out that equation (2.19) is a truly remarkable result in 
which the analytic expression is valid for any arbitrary interface profile. If 
we consider a planar interface, f{x) — f'{x) = 0, then (5 = 0 and 0 = 0 on 
the interface, as expected. If the point of observation (x, y) is located at the 
interface, the Greenian has a finite limit as x —> x'\ 
G{xJ{x)'^x'J{x')\x'…）=「？丨⑴3/2. (2-20) 
Now, we can solve equation (2.12) for the potential (j){x, f{x)) right at the 
interface. Since dl' = y^l + [f'{x')Ydx', equation (2.12) becomes 
( l - cp{xj{x)) = -Eof{x) + ^ [ dx'Gnne{xJ{x);x'J(x'mx'Jix^)), \ I J 4:71 J 
(2.21) 
where 
~ , , 27r f(x') sin ^(x - x') - sinh ^(y - fix')) , � 
� ) =、 丄 专 么 , � - c o s h 警(；二(io) • ( 2 剧 
and 
Gune{xJ{x);x'J{x')\x'^x) = ^ (2.23) 
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The subscript 'line' is put to remind us that this Greenian is used when doing 
integration along the line y = 0. 
Then, we can use equation (2.22) to find the potential at any arbitrary point 
(x, y) • S, using the potential at the interface. 
[1 - ueU[x) — y)]狄X, y) = -Eoy dx'GrU^, V\ 工：/(工乂, /(?)), 
(2.24) 
where ^(x) 二 0 for < 0, and Q[x) = 1 for x > 0. The electric field is 
computed by the negative gradient of the potential. We find the electric field 
at the interface and in medium 1 and 2: 
Ell = (2.25) 
Ely = [ dx'^c^ix'Jix'))]， （2.26) 
l - u y 4:71 J dy y 
= (2.27) 
E2y = £ • � — 警 0 ( : r � / M ) , (2.28) 
^in,. 二 / 虹 警 1 " = /⑷咖、 /⑷ ) )， (2-29) 
五一 = J d x ' ^ 脚 、 . ( 2 . 3 0 ) 
The partial derivatives of the Greenian can be computed analytically from 
equation (2.22) 
dG\[ne{x, y\ x', f{x')) 471"2 f'{x') (cos a cosh 6 — 1) + sin a sinh b 
dx 1/2 (cos a — cosh 6)2 ‘ 
y] x', f{x')) — 47r^  /X^') sin a sinh 6 — cos a cosh 6 + 1 
dy L2 (cos a - cosh hf ， 
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where 
2兀, /、 
a = — ( x - x ) , 
Ott 
b = 了 ( y - 躺 ) . 
2.3 Solution by mode expansion 
To solve the integral equation, we express the potential at an arbitrary point 
into a mode expansion: 
y) = J2 c]k协胁-/⑷)， (2.31) 
jk 
where ipj{x) and ^k{y) are mode functions. The potential on the interface can 
be expressed as: 
fix)) 二 c ] 着 测 = A ] 綱 , (2.32) 
jk j 
where Aj — Substituting the mode expansion equation (2.32) 
into equation (2.21) and integrating whole equation by the factor f dxipi{x), 
the coefficients Aj satisfy the matrix equation: 
(1 - 兰 ) B — ^ M ] A = - E o V , (2.33) 
-V 2 / Att � 
where 
= j d:nh[x)如[X), (2.34) 
= I J f{xy,x', (2.35) 
V, = J dx协)f[x), (2.36) 
Here we would like to discuss the choice of modes function. The choice of the 
mode function is actually arbitrary in theory. However, the mode functions 
should be simple to use in practice. Common choice of mode functions are 
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step functions, triangular function and Fourier series expansion. The choices 
of different mode functions had been investigated in ref. [13]. It should be 
noted that the matrix B should be diagonal when we choose step functions as 
our mode function. 
The evaluation of M involves the Greenian which is singular when x = x'. 
Hence, limit (2.23) should be used if z = j for Mij. After we compute the ma-
trices B, V and M, Aj can be determined and the potential at the interface 
can be obtained by eq. (2.32). Then the potential at all spaces can be found by 
equation (2.24) and the electric field can be found by equations (2.25) to (2.28). 
2.4 Numerical Results 
In this section, we would like review some numerical results by Formalism. 
The following interface was adopt from numerical calculation. 
f{x) 二 - cos 罕— 0 . 1 sin 字 （2.37) 
L/ Li 
where L and Eq are set to be 1 without loss of generality. The interface profile 
is shown in figure 2.2. In what follows, we adopt 100 step functions as the 
mode functions, equally spaced in the unit interval x G (—0.5, 0.5]. Moreover, 
62 is chosen to be 1. The interface profile is shown in figure 2.2. 
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Figure 2.2: The interface profile y 二 一 cos27r:r — 0.1 sin 47rx plotted against x. 
Volume 1 is shaded in red colour. 
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Figure 2.3: The electric potential (p at the interface for different u. (a) u 二 —3; 
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We have calculated the electric potential cj) right at the interface by using 
different parameters of u. The results are shown in figure 2.3. For negative 
values of u, it can be seen that the variation of potential increases when the 
dielectric contrast increases. It is interesting to the giant enhancement of the 
electric potential, as shown in figure 2.3 (d). The enhancement of the electric 
potential corresponds to the surface plasmon resonance, which is the nontrivial 
solution of equation (2.33) in the absence of external electric field [13]. In fact, 
the resonance state only occur at some particular values of u (or 61/62) and 
these are the poles in Bergman-Milton spectral representation. More discussion 
on these poles will be provided in chapter 4. 
Chapter 3 
Electric Field at the Interface 
In the previous chapter, GFF have been reviewed. Since there is a severe sin-
gularity in the partial derivative of the Greenian, it is not possible to calculate 
the electric field right at the interface and the formalism was formerly applied 
to compute the electric fields away from the interface region [7]. As shown in 
this chapter, we would tackle this singularity by means of a sum rule [14]. To 
our surprise, the strengths of the electric fields are quite similar in both media 
across the interface, despite of the large difference in dielectric constant. More-
over, we propose a simple effective medium approximation (EMA) to compute 
the electric field inside the interface region. We show that EMA can indeed 
give an excellent description of the electric field, except near a surface plasmon 
resonance. This provides a great insight that corrugated interfaces can be well 
described by graded interfaces, as suggested in recent paper [14-17 . 
3.1 Formalism 
When we try to evaluate the electric potential and electric field at the interface 
using equations 2.29 and 2.30, singularity of Greenian and its partial deriva-
tives are involved. For the calculation of electric potential, the evaluation of 
M involves the Greenian which is singular when x' —» x. As a result, limit 
(2.23) should be used for i = j for Mij. For the calculation of electric field 
15 
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at the interface, the partial derivatives of the Greenian diverge when x' ^ x 
and they do not possess finite limit as in equation (2.23). Fortunately, we can 
tackle this severe singularity by means of a sum rule. For the application of 
the sum rule, we should restrict the mode function to localized functions [13 . 
In particular, we choose step function as our mode functions: 
• i�x ) = < (3.1) 
0 , otherwise 
\ 
where h is the width of the step functions. Substituting the mode expansion 
(2.32) into equations (2.29) and (2.30) and integrating both sides by the factor 
f dxipi(x), the following matrix equations can be obtained: 
El = （3.2) 
二 r 3 ^ ( E � - ( 3 . 3 ) 
where 
= j dxilJi{x)Ea,{xJ{x)), (3.4) 
Ey,i = J dx2pi{x)Ey{xJ{x)), (3.5) 
Eo^i 二 j dxilJi{x)Eo, (3.6) 
= j doc j dx'ipi{x)ipj{x') ^  , (3.7) 
y=f (工) 
Ky,ij = j dx j dx'iJi{x)^j{x) ^ , (3.8) 
and A is the matrix as encountered in (2.33). The electric field at the interfaces 
can be obtained by evaluating E工 and Ey in equations (3.4) and (3.5). However, 
the singularity of partial derivatives of Greeenian prevent us from evaluating 
the diagonal element of K^ ； and Ky. Fortunately, the matrices K^； and Ky 
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possess sum rules: 
= 0， （3.9) 
j 
X > " ’ ” . = 0. (3.10) 
The problem is solved with the use of sum rules (3.9) and (3.10). Now, the off 
diagonal elements of K .^ and K^ can be computed by using equations (3.7) and 
(3.8) for i ^ j while the diagonal elements can be obtained by using following 
equations: 
Kx,ii — - � ： Kx,ij, (3.11) 
Ky,ii = - ^ (3.12) 
In this way, we can get all the elements of K^� and K^. The electric fields at 
the interfaces can then be obtained by computing (3.2) and (3.3). Here we 
would like to prove the above sum rules. We first write out the left hand side 
of (3.9) explicitly, 
= J 彻‘拟 - (〜 " ; ?，制 ) ! , = / ( . )她 ‘ � 
j=i j=i 
=J dxi;i{x) J dx — y=/(a:) 也.(工）. 
Since we have chosen step function as our mode function, it satisfies 
n 
Y M 工'、二 (3.13) 
Putting equation (3.13) into the above equation, we have 
T 二 f d x 协 [ [ dx'GyU^,y;x'J{x'))\ . (3.14) 
J = l J 咖 L" �y=/(:r) 
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Equation (3.14) can be transformed to 
n f 「广 _ 
Y^K幼二 dxij丄X)石 j) dS'[h'VG{r,r')] . (3.15) 
户 1 L ^ 」y=/(:c) 
The factor — ^ ^ ( r , is just the electric field of a point charge at r. Since 
r does not stay inside the region bounded by interface S', by Gauss law, the 
surface integral is zero. Hence, equation (3.9) is proved. Equation (3.10) can 
be proved in a similar way. 
3.2 Numerical Results 
To illustrate numerical results, we adopt the interface profile (2.37) for numer-
ical computation. 100 steps function are used as mode functions. We have 
attempted the following calculations: 
1. We compute the electric field at the interface for u = —3 (positive ei/e2 
ratio) and u 二 3.3645 (surface plasmon resonance). 
2. We also compute the Ey at different y plates (inside and outside the 
interface region). As an illustration, we choose y 二 0, 0.3, 1.1 and 2. 
For y = 1.1 and 2, all the points lie inside medium 2. For y = 0 or 0.3， 
some points lie inside medium 1 and some lie inside medium 2. Figure 
3.1 gives a pictorial description. 
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Figure 3.1: The interface profile y = — cos 27rx — 0.1 sin Anx (solid line) and 
y 二 0, 0.3, 1.1 and 2 (dotted lines) plotted against x. It is clear that the lines 
y 二 Q and 0.3 lie inside the interface region while the lines y = 1.1 and 2 lie 
outside the interface region. 
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Figure 3.2: E^；(dash-dotted), (dotted) and -E t^otai(solid) at the interface plot-
ted against x for u = —3 and 3.3645. It can be seen that the electric field 
changes gradually even in the case of surface plasmon resonance. 
Without loss of generality, we choose Eq = 1. Figure 3.2 (a) and (b) give the 
results for the electric field (Ex, Ey and £^ totai = + E^) at the interface 
for u = —3 and u = 3.3645 respectively. It can be seen that the electric field 
on the interface changes gradually in both cases. Comparing figure 3.2 (a) and 
(b), it is clear that the electric field enhances greatly in figure 3.2 (b). The 
reason behind this enhancement is surface plasmon resonance. 
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Figure 3.3: Ey found by GFF (solid line) and Ey found by EMA (dots) plotted 
against x iov u = —3 at different y-slices. (a) y = 1.1; (b) y = 2; (c) y = 0; 
(d) y = 0.3. 
It is also interesting to calculate Ey at different horizontal plates. Figure 3.3 
shows the results Ey at different horizontal plates for u = —3. In figure 3.3 
(a), it is found that Eyijj = 1.1) exhibits variation because of the influence of 
bound charges at the interface. As a whole, Ey{y = 1.1) has an average value 
of 1. On the other hand, Ey{y 二 2) is nearly a constant of 1 as shown in figure 
3.3 (b). The electric field in this case equals the external electric field. This 
shows that the effect of the interface is negligible at large distance. 
Figure 3.3(c) and (d) show the results for y = 0 and 0.3 respectively. In 
these two cases, Ey are quite similar inside both medium 1 and medium 2, 
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except for the points near the interface. This finding is surprising. Since 
ei = 462, one should predict that Eiy ^ We have also calculated Ey 
at other horizontal plates and Eiy and E2y are also found to be quite similar. 
It is interesting to note that Eiy and E2y are quite similar despite they have 
different representations as given by equations 2.26 and 2.28. 
3.3 Effective medium approximation 
Effective medium approximation (EMA), which was introduced by Bruggeman 
in 1935, is another approach to approximate electric field [23]. It is a mean-field 
theory and has a virtue of relative mathematical simplicity and of conceptual 
simplicity as well. However, it is a crude method and only gives approximate 
field. It is instructive to estimate Ey by using simple effective medium approx-
imation (EMA). The effective dielectric constant e can be found by weighted 
average of 6i and €2： 
e = piei + (1 -p i )e2 , (3.16) 
where pi is the volume fraction of medium 1. In the fixed y plate, pi can 
be regarded as the length of line segment in medium 1 with a unit cell (For 
L = 1). With the effective dielectric constant e, Ey can then be obtained easily 
through 
Ey 二令. (3.17) 
Figure 3.4(b) shows the effective dielectric constant with respect to y for u = 
—3, which means that ei equals 4 and 62 equals 1. The interface profile is 
shown in figure 3.4 (a) for reference. It can be seen that the effective dielectric 
constant changes gradually across the interface, from 1 to 4. 
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Figure 3.4: (a) The interface profile y — — cos 27tx — 0.1 sin Attx (solid line) 
and y = 0, 0.3，1.1 and 2 (dotted lines) plotted against x. (b) The effective 
dielectric constant with respect to y. It can be seen that the effective dielectric 
constant changes gradually across the corrugated interface. 
Figure 3.3 (c) and (d) shows the results with EM A. It is clear that the electric 
field predicted by simple effective medium approximation matches the electric 
field calculated by GFF for u = —3. In general, simple EMA gives excellent 
description of Ey for negative u in which surface plasmon resonance is absent. 
In fact, EMA is just a crude method to estimate electric field in heterogeneous 
media. It is surprising that this crude method gives excellent description of 
the electric fields for negative ei/e2 ratio. We also calculated Ey at y 二 Q for 
u = 3.3645 (surface plasmon resonance), as shown in figure 3.5. Obviously, the 
electric field has a great enhancement this time. Simple EMA fails to predict 
this enhancement. Here we would like to emphasize that electric field can still 
be found by GFF in this case. 
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Figure 3.5: logio丑y found by GFF (solid line) and logio^y found by EMA 
(dots) plotted against x for u = 3.3645 (surface plasmon resonance). There is 
a great enhancement of electric field and it is clear that EMA cannot predict 
this enhancement. 
3.4 Discussion 
It is quite surprising to note that the strengths of electric field at both medium 
across the interface are quite similar and EMA gives excellent description of the 
electric field except near a surface plasmon resonance. Here we give a possible 
explanation. In our study, a constant external field is applied to the interface. 
As a result, we are dealing with quasi-static limit in which the interface cannot 
be resolved. In other words, we can distinguish medium 1 or medium 2 far 
away from the interface unambiguously but we cannot do so inside the interface 
region. We can regard the interface region as a graded region in which one 
component varies gradually and continuously to other component, as shown 
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in figure 3.4 (b). In this way, an effective medium is just suitable to describe 
the physics inside the interface region [14-17]. This is the reason why EMA 
gives excellent description of the electric field inside the interface region. 
Chapter 4 
Application of GFF in 
cylindrical clusters 
The hot field of plasmonic relies on the interactions between electromagnetic 
fields and metallic nanostructures. The interactions can be very important 
if resonant response occurs inside the structure and these resonances corre-
spond to the Bergman-Milton electrostatic resonances [23-25, 29, 30]. In this 
chapter, we would characterize the electrostatic resonance of cylindrical clus-
ter by calculating the pole spectrum using GFF. For two cylindrical particles, 
the results are in excellent agreement with the exact results from the multiple 
image method [45, 48] and normal-mode expansion method [38]. Our results 
also show in good agreement with three cylindrical particles arranging in an 
equilateral triangle [41 . 
4.1 Review of Bergman's spectral representa-
tion 
In this section, Bergman's spectral representation would be re-iterated [23-
25]. We consider a two-component composite in which inclusions of dielectric 
constant ci are embedded in a homogeneous medium of dielectric constant 
We will restrict our discussion to a quasi-static approximation (or long 
26 
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wavelength approximation). In this approximation, the whole composite can 
be regarded as an effective homogeneous one with effective linear dielectric 
constant defined as 
— / 办 ) 勞 V， （4.1) 
where Eq is the applied electric field along y direction and E is the local 
electric field. It should be noted that E is curl free under long wavelength 
approximation. As a result, it can be obtained from E 二 — T h e dielectric 
function e(r) is given by 
e(r) = 62 f l - - ^ ( r ) ) (4.2) 
V 5 y 
and 6{r) is a characteristic function which equals 1 if r G V^ i and 0 otherwise. 
Note that s 二（1 — ei/e�)—丄 is the material parameter which is independent 
to the geometry of the composite. The potential of the whole space satisfies 
Laplace's equation 
V . [e(r)V(/Hr)] = 0 (4.3) 
subject to the applied field Eq = —Eoy. Taking advantage of Green's theorem, 
we are able to transform Eq.(4.3) to 
0(r) = -Eoy + J J dV'e{T')VG{r, r') . •>(!•')， (4.4) 
where G ( r ， — 1/4兀 |r — r'|. Bergman uses this equation to define an volume 
integral-differential Hermitian operator 
f = J dV'9{r')VG{T,r') . • ' ’ （4.5) 
and inner product 
(01^) = j dV9{r)V(l)* . V水 (4.6) 
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It should be noted that�(^|V^�and〈训0�are complex conjugate under this 
definition. Equation (4.4) can be written as 
^{r) = - E o y + h ( P { r ) . (4.7) 
s 
The eigenvalues problem of f reads 
t\cl)n)=Sn\(t>n). (4.8) 
As a result, the potential can be expanded in series of eigenfunctions. From 
equation (4.7), 4> exists a symbolic solution 
10�二 1 b � . (4.9) 
s —丄 
By inserting an identity operator 
7 = （4.10) 
？ {4>n (Pn) 
the potential (p can be expressed in a series of eigenfunctions 
-EqS ( \ ( j ) n ) \ 
0 二 — ^ X T ^ T - t v y/‘ 
s - r 〈於n 么〉/ 
= 丨 爆 b � . (4.11) 
\s - SnJ {(t)n 4>n) 
The effective dielectric constant can be expressed analytically 
I = • / - H 命 跡 ， 
= 1 十 • 〈 遍 . 綱 
Bergman further introduces the reduced response 
⑷二 (4.13) 
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and substitutes equation (4.11) into equation (4.12), he find 
^ ^ (0n|0n) \S-SnJ 
The effective dielectric constant can be expressed as 
f ^ f \ 
, (4.15) 
V n 卜、J 
where /几 is given by 
(4.16) 
y {(Pn (pn) 
We can obtain the following sum rule of fn 
[ / n = ^(yll/), 
n 
= ^ J dVe{v)Vy . Vy, 
= V u (4.17) 
where pi is the volume fraction of the ei component. Moreover, Bergman 
proposes that if the inclusion is isotropic, there exists another sum rule [49, 50 
= (4.18) 
n 
4.2 Extension of Bergman's spectral represen-
tation using Green Function Formalism 
Now we are in a position to extend Bergman's spectral representation using 
GFF. According to GFF, equation (4.4) can be transformed to 
/ 1 \ 1 r 
1 - - 6>(r) 0(r) 二 -Eoy + -杏 dS'[n . V'G'(r, (4.19) 
\ s J s Js 
where 5 = 1/u. When r E 5' , equation (4.19) becomes 
0(r) = —Eoy + - / dS'[n . O]0(r). (4.20) 
5 Js 
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With reference to equation (4.20), we are able to convert a volume integral 
differential operator f to a surface integral-differential non-Hermitian operator 
f ^ which satisfies 
三 y (4.21) 
and the inner product is given by 
醫、=^ dS[n • (4.22) 
It should be noted that�0|功〉does not necessarily identical to {ip\(t)) according 
to the above definition. As a result, equation (4.20) can be transformed to 
0(r) = -Eo2/ + ( 4 . 2 3 ) 
It is the same equation in (4.7). The eigenvalues problem of f ' is formulated 
in the absence of applied field. Note that f ' is not necessary Hermitian. From 
now on, we denote \Rn) and are the nth eigenvalue, right eigenvector 
and left eigenvector of f ' respectively. The surface integral operator is easier 
to handle than volume integral operator. However, we have to pay a price 
that we need to deal with bi-orthogonal system due to possible non-Hermitian 
nature of the operator. We would like to stress that the eigenvectors only 
represents the potential on the surface but not the whole volume. By the use 
of GFF, it is easy to find the eigenvectors of the whole volume by eigenvectors 
on the surface. 
With the same procedure, the potential can be expanded in series of eigenvec-
tors 
(4.24) 
^ - SnJ [Ln Rn) 
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The effective dielectric constant Ee can be expressed according to equation (4.1) 
I = > ) ) 网 
= 1 + • 議 . 岡 
With the same definition of dielectric response, we find 
阶 • ( • ) ’ （4.26) 
where fn is given by 
f 1 {y\Rn){Ln\y) .. 97� 
“ 〈 刷 . (4.27) 
It should be stressed that {y\Rn){Ln\y) does not equal However, the 
sum rule of fn still holds 
[ / n = 
n 
= � j dS[h . \/y]y, 
= H 調 • 仏 
= y . (4.28) 
4.3 Finding pole spectrum using Green Func-
tion Formalism 
With the formalism in the previous section, we are now in a position to find 
the pole spectrum {sn and fn) of some cylindrical clusters. For illustration, 
we consider the case in which two cylinders embedding in a homogeneous host 
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medium. The boundary of the first and the second cylinders satisfies r = f{9) 
and r = g{6) respectively, as shown in the figure 4.1. 
r - / ( 9 ) \� r = g(e) 
\ / 身, 
Figure 4.1: Schematic diagram showing two cylinders embedding in a homo-
geneous host. 
By GFF, the potential at the surface of the cylinders satisfies the following 
integral equation 
S J Si ^ Js2 
(4.29) 
In order to solve the above integral equations, we express the potential at the 
surface of cylinders by step functions ipj{0) 
- Y^P姻, (4.30) 
n 




也 . ( 約 = 1 ， + (4.32) 
0 , otherwise 
\ 
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where c is the width of the step function. The following equations can be 
obtained 
n ^ J Si n 
-[d0'g{0')[h' (4.33) 
Y^Q溯二-Eoy + 1 [ d0'f{0')[h' •VG2i]TPMe')-\-
n S Js, n 
-[d0'g{0')[h'. V (4.34) 
" 而 n 
where 
G誦,e.,肌 e � (4.35) 
二 G_,e,,g{e'偶, (4.36) 
G 糧 , , 隐 e � (4.37) 
G22 二 嚇 ) , 響 ( 4 . 3 8 ) 
By integrating both sides by f 辦人the following matrix equation can be 
obtained 
f P\ 1 ( Mn Mu \ f p \ 
二—丑oV + _ r (4.39) 
\Q J ' \M2i M22 J \ Q J 
which is equivalent to 
sA = —EqV + MA, (4.40) 
where 
( 
Pi, if 2 < n 
為 叫 门 , (4-41) 
I CJi—n, III > n 
= JdoJ (4.42) 
v � j dO•孙)y, (4.43) 
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and p and q can be 1 or 2. equals f{0^) when q = I and equals g{0') 
when q = 2. However, the diagonal element of M cannot be evaluated directly 
due to the singularity of G when i = j. There are two methods to tackle this 
problem. Firstly, we can split the surface integral into two parts, say S' and 
5(5. S' is just the surface excluding the singular point and we can integrate 
Ss analytically. In this case, the diagonal element should be equal to 0.5. 
Secondly, we can calculate the diagonal element by means of a sum rule 
E 风 广 0. (4.44) 
j 
Since the surface integral is broken down into finite element, the later method 
is more accurate to calculate the diagonal element. It should be remarked 
that matrix M is the matrix representation of the operator. As a result, 
the eigenvalues and eigenvectors of M are equivalent to that of f ' operator. 
Clearly M is not a symmetric matrix and there exists two sets of eigenvectors. 
The eigenvalue problem of M is formulated in the absence of external field 
M\Rn) = Snl^U, (4.45) 
M T � L J 二 Sn{Lnl (4.46) 
In this case, Sn, \Rn) and can be determined and hence fn can be calcu-
lated by equation (4.27). In the next section, we are going to present the pole 
spectra of some cylindrical clusters. 
4.4 Numerical Results 
4.4.1 Two approaching cylinders 
Consider two uncharged cylinders with radii r and dielectric constant ei embed-
ded in a homogeneous host medium with perimittivity €2. They are separated 
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by center to center distance d and are subject to an external uniform electric 
field, as shown in figure 4.2. In the transverse (longitudinal) case, the external 





Figure 4.2: Schematic diagram showing two approaching cylinders embedding 
in a homogeneous host with separation ratio a. 
For two approaching cylinders, the poles and the residues in longitudinal ( fS) 
and Sm )^ and transverse case (f^p and sJP) can be solved by multiple image 
method [48] and their analytical forms are given by 
/二幻= 4 m e — 2謙 sinh2a, (4.47) 
f f ) = 4me-2 謹 sinh2a, (4.48) 
二 “ 1 - e - l , (4.49) 
4 ” 二 去(1 + 产 ) ， （4.50) 
where cosh a 二 djlr and V is the total volume of the composite. The proof 
is shown in appendix A. Note that there is no closed analytic form for pole 
spectra when there are more than two cylinders. 
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In our numerical computation, 90 steps functions are used. Without loss of 
generality, r is set to 1. In the discussion below, we present Fn 二 Vfji^ 
instead of fn, 
： ‘ I ‘ 1 ‘ I ‘ 
0.8 \ • longitudinal mode (Calculated) -
\ • transverse mode (Calculated) 
-\ — longitudinal mode (Theoretical) -
\鲁 —transverse mode (Theoretical) 




A L I I I I I I I 
1 1.5 2 2.5 3 
a 
Figure 4.3: Major poles and 乂”）against separation ratio a = d/2r. Note 
that the analytic results by equations (4.49) and (4.50) are presented in solid 
line. The pole calculated by GFF are present as points. 
Figure 4.3 shows major poles and «s「)）against separation ratio a 二 
d/2r. It can be seen that our numerical results match perfectly with the 
analytic solution. In addition, it is clear that the major poles in transverse 
mode (given by <s(i了)）are always larger than 0.5 while that for longitudinal 
mode (given by s严）are always larger than 0.5. As shown in the figure, both 
major poles approach 0.5 when the separation ratio a increases. 
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Figure 4.4: Pole spectra of two approaching cylinders with separation ratio: 
(a) (J = 1.05; (b) cr = 1.1; (c) a = 1.2; (d) a = 1.3; (e) a = 1.5; (f) g 二 2. 
Note that black solid lines and red dotted lines correspond to the transverse 
case and longitudinal case respectively. 
Figure 4.4 shows the pole spectra of two approaching cylinders with dif-
ferent separation ratio a. Clearly, only modes larger than 0.5 are excited in 
transverse case while only modes smaller than 0.5 are excited in longitudinal 
case. Moreover, the spectra for the longitudinal case are symmetric with that 
for the transverse case about s = 0.5. When two cylinders are closed to one 
another, the modes are rich. However, modes are concentrated near s 二 0.5 
when two cylinders are far away from one another. It can be explained as fol-
lows. For an isolated cylinder, only one pole of 0.5 exists [37, 38]. When two 
cylinders are far away from one another, it is very similar to isolated cylinder 
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case. 
Here we would like to compare the results with that obtained by Claro et al. 
38]. Their results are obtained by normal-mode expansion method. Using 
basis of cylindrical harmonics solutions of Laplace's equation, pole spectra of 
two approaching cylinders can be found. Figure 4.5 is the Glare's result of 
the transverse field case with a 二 1.1. Figure 4.6 shows the same result for 
the longitudinal field case. Note that the amplitude of mode of Claro's results 
are two times as our calculated F^ and the reason behind this is the choice of 
normalization. It is clear that our results show good agreement with Claro's 
results. 
0.51 
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Figure 4.5: A plot of amplitude of mode (same as our 2Fn) against depolar-
ization factor (same as our s^) for the transverse field case (Claro et al.). It 
can be seen that only modes with Sn smaller than 0.5 are excited. 
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Figure 4.6: A plot of amplitude of mode (same as our 2Fn) against depolariza-
tion factor (same as our Sn) for the longitudinal field case (Claro et al). It can 
be seen that only modes with s^ larger than 0.5 are excited. The spectrum is 
a mirror image of that for the transverse field case. 
In two cylinders case, the sum rules becomes 
^ i ^ n = 2, (4.51) 
n 
Y^SnFr, 二 1. (4.52) 
n 
^ E n Fn (T) E n ^n (L) En 认 � En ^nF^jh) En ^n^. |(T + L) 
1.05 2.00000 2.00000 1.22676 0.77326 1.00001 
1.10 2.00000 2.00000 1.20661 0.79339 1.00000 
1.20 2.00000 2.00000 1.17361 0.82639 1.00000 
1.30 2.00000 2.00000 1.14793 0.85207 1.00000 
1.50 2.00000 2.00000 1.11111 0.88889 1.00000 
2.00 2.00000 2.00000 1.06250 0.93750 1.00000 
Table 4.1: The values of sum for two cylinders. 
— — — — — — — — — — — — — — — — 
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It is instructive to check the sum rules and the calculated sum are shown in 
table 4.1. In the table, T and L represents transverse and longitudinal case 
respectively. Our calculated s^ and F^ (either transverse or longitudinal case) 
matches the first sum rules perfectly. We would like to raise one point here. 
The second sum rule by Bergman (equation (4.18)) requires inclusion to be 
isotropic. Clearly, two cylinders array does not satisfy this requirement. In 
order to match equation (4.52), we need to average the sum from transverse 
case and longitudinal case. 
4.4.2 Three cylinders arranging in a horizontal array 
As an extension, it is instructive to consider three uncharged identical cylinders 
arranging in a horizontal array. The cylinders are separated by separation 
ratio (7 with radii r and dielectric constant ei. They are subject to an external 
uniform electric field. The schematic diagram is shown in figure 4.7. 
a=d/2r A 
e 匕2 
^ ^ ^ ^ ^ ^ ^ ^ ： ： … V •丨 
Figure 4.7: Schematic diagram showing three cylinder arranging in a horizontal 
array with separation ratio a. 
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Figure 4.8: Pole spectra of three cylinders arranging in a horizontal array with 
separation ratio: (a) a = 1.05; (b) a = 1.1; (c) a = 1.2; (d) a = 1.3; (e) 
a = 1.5; (f) (7 二 2. Note that black solid lines and red dotted lines correspond 
to the transverse case and longitudinal case respectively. 
The pole spectra are shown in figure 4.8. Similar to two cylinders case, only 
modes larger than 0.5 are excited in transverse case. On the other hand, 
only modes smaller than 0.5 are excited in longitudinal case. Moreover, the 
longitudinal mode spectra is of mirror image to that of the transverse modes. 
It is also clear that more modes are excited when the cylinders come closer to 
one another. Comparing with two cylinders case, the pole spectra is spread in 
a larger extent and more modes are excited. 
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In the three cylinders case, the sum rules becomes 
^ ^ n - 3, (4.53) 
n 
Y^SnFn = I (4.54) 
n 
^ E n F n ( T ) E n ^ n ( L ) E n ^ n ^ . ( T ) E n ^ n F n ( L ) E n ^ n ^ . + L ) 
1.05 3.00000 3.00000 2.01020 0.98972 1.49996 
1.10 3.00000 3.00000 1.96488 1.03512 1.50000 
1.20 3.00000 3.00000 1.89063 1.10937 1.50000 
1.30 3.00000 3.00000 1.83284 1.16716 1.50000 
1.50 3.00000 3.00000 1.75000 1.25000 1.50000 
2.00 3.00000 3.00000 1.64063 1.35938 1.50000 
Table 4.2: The values of sum for three cylinders arranging in a horizontal array. 
It is instructive to check the sum rules 4.53 and 4.54. The calculated sum 
are shown in table 4.2. Our calculated Sn and Fn (either in longitudinal or 
transverse case) matches sum rule 4.53 perfectly. Similar to previous case, we 
need to average longitudinal and transverse case in order to match sum rule 
4.54. 
4.4.3 Three cylinders arranging in an equilateral trian-
gle 
In this case, we consider three uncharged identical cylinders with radii r and 
dielectric constant e： embedded in a homogeneous host medium with dielectric 
constant €2. They are arranged in an equilateral triangle with separation ratio 
cr and are subject to an external uniform electric field. The schematic diagram 
is shown in figure 4.9. 
Chapter 4 Application of GFF in cylindrical clusters 43 
'‘. £丨、 I 
t 八 ： 
• / - 条^^^遍 
r/ d 
' . m 多， 
Figure 4.9: Schematic diagram showing three cylinder arranging in an equilat-
eral triangle with separation ratio a. 
The pole spectra are shown in figures 4.10 and 4.11. Note that electric 
field is applied in y direction and x direction in figure 4.10 and figure 4.11 
respectively. As shown in the figures, only a few modes excited when the 
cylinders are far away from each other. When cylinders come closer and closer, 
more and more modes are excited. Comparing with previous case, more modes 
are excited and the modes are spread around s = 0.5. 
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Figure 4.10: Pole spectra of three cylinders arranging in an equilateral triangle 
with separation ratio: (a) a = 1.05; (b) a = 1.1; (c) a = 1.2; (d) a = 1.3; 
(e) (J = 1.5; (f) a = 2. Note that the external electric field is applied in y 
direction. 
Chapter 4 Application of GFF in cylindrical clusters 45 
1 ^  cr 二 1.05 "I G=\A\ c7=1.2-
1 - 1 - 1 - -
- - . • 
0 . 8 - - 0 . 8 - - 0 . 8 - -
- - . • 
0 . 6 - 一 0 . 6 - - 0 . 6 - 一 
F ‘ - - -
“0.4- -0 . 4- - 0.4- -
0 . 2 - 丨 - 0 . 2 - - 0 . 2 - -0|' l|MI|丨丨 J ij q[ I, ,'MII| ,1 I Q| , |l lyi I, I," 
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 
f W cr=1.3"| G 二 1.5] cj = 2-
1 - - 1 - - 1 - -
0 . 8 - - 0 . 8 - — 0 . 8 - -
p 0 . 6 - - 0 . 6 - 一 0 . 6 - -/y - _ _ _ _ 
“0.4- - 0.4- - 0.4- -
0 . 2 - - 0 . 2 - - 0 . 2 - -
0 I l| i 11 I 0 1 1 1 'I' l | ~ i 0 I I If ' I . 
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 
\ & 
Figure 4.11: Pole spectra of three cylinders arranging in an equilateral triangle 
with separation ratio: (a) a = 1.05; (b) a 二 1.1; (c) a = 1.2; (d) a 二 1.3; 
(e) a = 1.5; (f) a = 2. Note that the external electric field is applied in x 
direction. 
Here we would like to compare the results with McPhedran et al. [41]. Using 
Wijngaard expansion [51] and Rayleigh identity, McPhedran solved Laplace's 
equation formally with matching of boundary conditions. The eigenstates can 
be obtained by singular value decomposition method. In McPhedran's set up, 
three cylinders are arranged in an equilateral triangle with separation ratio 
a = 5/3. They found that one resonance exists when dielectric constant of 
the cylinders and surrounding medium are -0.653143 and 1 respectively [41 . 
In our numerical calculation, s = 0.604909 is one of the poles when a = 5/3. 
Since 
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= (4.55) 
s 
it is clear the dielectric constants of the cylinders should be 1 - 1/0.604909 二 
—0.653143, which matches McPhedran's results. 
^ En ^n jy) Fn�工)En ^nK {x) En SnKiv) 
1.05 3.00000 3.00000 1.49995 1.49995 
1.10 3.00000 3.00000 1.50000 1.50000 
1.20 3.00000 3.00000 1.50000 1.50000 
1.30 3.00000 3.00000 1.50000 1.50000 
1.50 3.00000 3.00000 1.50000 1.50000 
2.00 3.00000 3.00000 1.50000 1.50000 
Table 4.3: The values of sum rule for three cylinders arranging in equilateral 
triangle. 
It is instructive to check the sum rules 4.53 and 4.54 for this system. The 
calculated sum are shown in table 4.3. Our calculated Sn and F^ (either x field 
or y field) matches the sum rules perfectly. The matching of 4.54 is due to the 
fact that the cylinders are arranging in an isotropic way. 
4.4.4 Three cylinders arranging in an isosceles triangle 
We consider three uncharged identical cylinders with radii r and dielectric 
constant ei embedded in a homogeneous host medium with dielectric constant 
£2. They are arranged in an isosceles triangle with base cylinders separating 
by a center to center distance d and are subject to an external uniform electric 
field. Denote the height of the isosceles triangle be H and here we define a 
height to base ratio p = H/d. Similar to two cylinders case, we are going 
to find the pole spectra with different p. The schematic diagram is shown in 
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figure 4.12. In the discussion below, the two base cylinders are separated by a 
separation ratio a = 1.1. 




Figure 4.12: Schematic diagram showing three cylinders arranging in an isosce-
les triangle. 
Figures 4.13 and 4.14 shows the pole spectra of three cylinders arranging in 
an isosceles triangle with different height to base ratio p. Note that the electric 
field is applied in y and x direction in figure 4.13 and 4.14 respectively. As 
shown in the figures, more modes larger (smaller) than 0.5 are excited when the 
electric field is applied in y (x) direction. When the upper cylinder is situated 
near the base cylinders (small value of p), modes become richer. When we 
move the upper cylinder away from the base cylinders, fewer poles are excited. 
We can also compare the pole spectra in figures 4.13 (d), 4.14 (d) and 4.4 (b). 
It can be seen that figure 4.13 (d) and 4.14 (d) are similar to that in 4.4 (b), 
with the enhancement of poles near 0.5. We can understand this as follows. In 
the case of figures 4.13 (d) and 4.14 (d), the upper cylinder is quite far away 
from the base cylinders. As a result, there is less interaction between them 
and we an regard the system as an isolated cylinder (monomer) and two base 
cylinders (dimer) at a separation a 二 1.1. Since the pole of isolated cylinder 
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is located at 0.5, this can explain the enhancement of poles near 0.5 in figures 
4.13 (d) and 4.14 (d). 
Table 4.4 shows the calculated sum in this case. Our calculated Sn and F^ 
match the first sum rule perfectly. Since the system is not isotropic, we need 
to average the sum from transverse and longitudinal case in order to satisfy 
second sum rule. 
P E n Fn jy) E n ^n jx) En^nFn {v) Zn^nK(工)I^nM(…） 
1.10 3.00000 3.00000 1.50826 1.49174 1.50000 
1.50 3.00000 3.00000 1.57438 1.42562 1.50000 
2.00 3.00000 3.00000 1.62082 1.37918 1.50000 
5.00 3.00000 3.00000 1.69057 1.30943 1.50000 
Table 4.4: The values of sum for three cylinders arranging in an isosceles 
triangle. 
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Figure 4.13: Pole spectra of three cylinders arranging in an isosceles triangle 
with different height to base ratio p 二 H!d:. (a) p = 1; (b) p = 1.5; (c) p = 2; 
(d) p = 5. Note that the electric field is applied in y direction in this case. 
Chapter 4 Application of GFF in cylindrical clusters 50 
2 i 2 I 
- (a) p=卜 - ( b ) p=1 .5 -
1.6 - — 1 . 6 - -
1 . 2 - - 1 . 2 - 一 
F. - • -
0 . 8 一 - 0 . 8 - 一 
0 . 4 - - 0 . 4 - -
or-丨I |丨 j UflJi 丨_ 1 I 1 Q| . I'l •丨丨 M 1 I • I • 
0 . 2 0 . 3 0 . 4 0 . 5 0 . 6 0 . 7 0 . 8 0 . 2 0 . 3 0 . 4 0 . 5 0 . 6 0 . 7 0 . 8 
2| 2 I 
•(c) p = 2 - - ( d ) p = 5 -
1 . 6 - - 1 . 6 - 一 
1.2 - - 1.2 - -
K - - -
0.8 - - 0.8 - -
0 . 4 一 - 0 . 4 - 一 
0 I— I~I~1丨^ ~iIII~I~ 0 ~r—I~~I~p—r-*-I""“I~I~II~ 
0 . 2 0 . 3 0 . 4 0 . 5 0 . 6 0 . 7 0 . 8 0 . 2 0 . 3 0 . 4 0 . 5 0 . 6 0 . 7 0 . 8 
& Sn 
Figure 4.14: Pole spectra of three cylinders arranging in an isosceles triangle 
with different height to base ratio p = H/d\ (a) p = {h) p = 1.5; (c) p = 2; 
(d) f) = 5. Note that the electric field is applied in x direction in this case. 
Chapter 5 
Summary 
The thesis mainly concerned about Green function formalism (GFF) which is 
used compute the local field distribution for an arbitrary interface separating 
two media of different dielectric constants without matching of complicated 
boundary conditions. 
In the first part of the thesis, we have extended the established GFF to 
compute the electric field inside the interface region by taking advantage of a 
sum rule. To our surprise, the strengths of electric fields in both media across 
the interface are quite similar despite of the large difference in dielectric con-
stants. Moreover, we show that the EMA indeed gives an excellent description 
of these fields except near a surface plasmon resonance. This provides a great 
insight that corrugated interfaces can be described by graded interfaces. More 
work can be done in this direction. 
The second part of the thesis concerned about Bergman-Milton electrosta-
tic resonances. Using GFF, we developed an efficient method for the study of 
spectral representation of two electromagnetic media separated by arbitrary 
interface based on the GFF, and applied it to the case of cylinder dimers and 
trimers. We compared the numerical solution of the spectral functions (poles 
and residues) with the calculations made by using mode expansion technique 
and multiple image method in the dimer case. The excellent agreement be-
tween them indicates that the theoretical formulation is correct and much 
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more valuable. The case of trimer arranging in an isosceles triangle was an-
alyzed in detail and compared to the dimer case, in an attempt to explore 
the particle-pair interaction. This complemented previous overwhelming dis-
cussions on particle-particle interactions (i.e., dimerization effect). Further 
theoretical work will be aimed at the localization and delocalization behavior 
in clusters with increased number of cylinders, and also at the generalization 
of this approach to three dimensional spheres. 
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Appendix A 
Multiple image method to a 
pair of cylinders 
A. l Dipole factor of a pair of cylinders 
Here we would like to review the multiple image method to a pair of identical 
cylinders. [45, 48]. We first consider an isolated cylinder with radius r and 
dielectric constant ei embedded in a host with dielectric constant €2. A dipole 
moment p will be induced on the isolated cylinder when an external uniform 
electric field Eq is applied, 
p = 271(3 Q'Eo^ (A.l) 
where p = {ci — e2)/(ei + 62) is the dipole factor of an isolated cylinder. 
Now, we consider two cylinders with dielectric constant ei embedded in 
host with dielectric constant &2, They are separated by a center to center 
distance d and they are subject to external uniform electric field. Similar to 
the isolated cylinder case, this electric field would induce a dipole moment on 
each cylinders. Denote the dipole moments of cylinders 1 and 2 as pio and P20 
respectively. Taking account of image effects, the dipole moment pio induces 
an image dipole pu on cylinder 2. This dipole moment pu will induces other 
image dipole on cylinder 1. The same process repeats for P20. As a result, 
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multiple images are formed and we can obtain two infinite series of the image 
dipoles for each cylinders and hence the dipole factors of a pair of touching 
cylinders can be obtained. For two identical cylinders, the total longitudinal 
and transverse dipole factors {J5L and PT) are [52 
oo / • 1 \ 2 
fh = , (A.2) — \smnnaj 
知 - 2 f : ( - l ) ， ( S ; ^ r ’ （A.3) 
71— 1 
where cos a 二 (i/2r and r is the radius of both cylinders. 
A.2 Spectral representation 
Now, we would like to express the above exact dipole factors (A.2) and (A.3) 
in the spectral representation 
oo 厂 ( L ) 
fh = ( A . 4 ) 
= (A.5) 
n—l 爪 
where 5 is a material parameter defined by s 二 ( l_ei/e2). The above represen-
tation has the advantage that the material parameters (such as permittivity 
and conductivity) are separated from geometric parameters (such as size of 
particles and geometric arrangement of particles). As a result, the geometric 
properties are separated from the material parameters during the calculation 
of the effective dielectric properties of the mixture. In order to express the 
dipole factors, we need to make use of the following identity for sinh 
1 
_ _ - _ _ = y 4 m e - 2 画 ( A . 6 ) 
sinh nx ^^ 
58 
Hence, the longitudinal dipole factor can be expressed as 
oo oo 
fh = 而 ， 
n二 1 m—l 
oo oo 
m = l n=l 
^ 4me-2誰 sinh2a 
= ( A . 7 ) 
Note that we have expressed b = 1 / (1 — 2s) in the last step. The derivation 
of transverse case can be obtained similarly. Finally, the residues {Fm^ and 
FIP) and the poles (Sm) and s f ) ) are explicitly given by 
f i � = 4me-2 腫 sinh2a, (A.8) 
f ^ = 4me—2 鍾 sinh2a， (A.9) 
sl^) = “ 1 - 6 - 2 1 ， （A.IO) 
4 乃 = 全 ( l + e - 2 _ ) . ( A . l l ) 
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Appendix B 
Illustration of Bergman-Milton 
Spectral Representation 
Here we would like to illustrate Berman-Milton Sepctral represenation in a 
clear way [15]. In Bergman-Milton Spectral Representation, the crucial step 
is to define a material parameter 
5 - f l - (B.l) 
V 
and hence the reduced response 
F{s) = 1 - - (B.2) 
can be rewritten as 
= (B.3) 
S — Sji 
n 
In the above representation, F^ and Sn are the n-th microstructure parameters 
of the composite materials [24]. The range of Sn is from zero to one and Sn 
and Fn satisfied two sum rules 
Yjn 二 Pi, (B.4) 
n 
E ^ n / n = ‘ 1 ( 1 - P i ) . (B.5) 
n 
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Below we would like to illustrate the spectral reprsentation by the capacitance 
of simple geometry [53] and a parallel plate capacitor is considered as an ex-
ample. Two cases will be discussed including the series combination and the 
parallel combination. 
B.l Series combination 
/ A ^ 
U n 脚 i i i 為 Am "2 
Figure B.l: Schematic diagram showing two dielectric slabs connecting in 
series combination. 
As shown in above diagram, one dielectric slab of dielectric constant 6i and 
thickness hi and one dielectric slab of dielectric constant €2 of thickness h) 
are inserted into a parallel-plate capacitor of total thickness h. Both dielectric 
slabs have the same area A. As a result, the overall capacitance C is given by 
c 二 (C7i + C 7 i ) - 1 ， (B.6) 
where Ci 二 eiA/hi and C2 二 e2^//i2- We may also regard the composite 
dielectric as a homogeneous dielectric of dielectric constant Cg and hence the 
overall capacitance C is given by 
C = 手 (B.7) 
Since ei = 62(1 — I/5), we can express C in terms of 5 
.462 Ae2hi/h^ 
C =飞 T-JV-- (肌） 
h s - h2/h 
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It is instructive to rewrite equation B.2 in terms of capacitance 
= (B.9) 
where Cq = eiA/h is the capacitance when the plates are all filled with dielec-
tric material of 62- As a result, we obtain 
F[s) = (B.IO) 
5 — Ivilh 
Comparing B.IO with B.2, we can obtain Fi and 5i 
二 I , (B.l l ) 
= 智 . (B.12) 
Note that Fi obtained equals the volume fraction of dielectric of ei and Si 
must be ranged from zero to one. 
B.2 Parallel combination 
^YY 
Z 
Figure B.2: Schematic diagram showing two dielectric slabs connecting in 
parallel combination. 
Now we would like to consider the parallel combination in which a dielectic 
slab with dielectric constant ei and area Ai and a dielectric slab with dielectric 
constant €2 and area A2 are inserted into a parallel plate capacitor. The total 
area is then given by A = Ai A2. The overall capacitance is given by 
C - C 1 + C2, (B.13) 
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where Ci — eiAi/h and C2 = [iMIh. Similar to previous case, C can also be 
given by C = eeA/h. After spectral represenation, the equivalent capacitance 
is given by 
(B.14) 
h hs 
Similar to previous case, we can write F{s) 二 1 — C7Q). Thus, we obtain 
F[s)=丛. (B.15) 
5 
Comparing this equation with B.2, we can obtain Fi and Si 
Fi = 冬 (B.16) 
Si 二 0. (B.17) 
Since Ai/A 二 Pi, Fi obtained is the volume fraction of dielectric ei. 
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